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Carola Bilgen · Alena Kopaničáková · Rolf Krause · Kerstin Weinberg ??

Received: date / Accepted: date

Abstract Crack propagation involves the creation of new
internal surfaces of a priori unknown paths. A first chal-
lenge for modeling and simulation of crack propagation is
to identify the location of the crack initiation accurately,
a second challenge is to follow the crack paths accurately.
Phase-field models address both challenges in an elegant
way, as they are able to represent arbitrary crack paths by
means of a damage parameter. Moreover, they allow for the
representation of complex crack patterns without changing
the computational mesh via the damage parameter - which
however comes at the cost of larger spatial systems to be
solved. Phase-field methods have already been proven to
predict complex fracture patterns in two and three dimen-
sional numerical simulations for brittle fracture. In this pa-
per, we consider phase-field models and their numerical sim-
ulation for conchoidal fracture. The main characteristic of
conchoidal fracture is that the point of crack initiation is typ-
ically located inside of the body. We present phase-field ap-
proaches for conchoidal fracture for both, the linear-elastic
case as well as the case of finite deformations. We more-
over present and discuss efficient methods for the numeri-
cal simulation of the arising large scale non-linear systems.
Here, we propose to use multigrid methods as solution tech-
nique, which leads to a solution method of optimal complex-
ity. We demonstrate the accuracy and the robustness of our
approach for two and three dimensional examples related to
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Chair of Advanced Scientific Computing, Institute of Computational
Science, USI - Universitá della Svizzera italiana
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mussel shell like shape and faceted surfaces of fracture and
show that our approach can accurately capture the specific
details of cracked surfaces, such as the rippled breakages of
conchoidal fracture. Moreover, we show that using our ap-
proach the arising systems can also be solved efficiently in
parallel with excellent scaling behavior.

Keywords phase field, multigrid method, brittle fracture,
crack initiation, conchoidal fracture

1 Introduction

The prediction of crack nucleation and fragmentation pat-
tern is one of the main challenges in solid mechanics. Ev-
ery crack in a solid forms a new surface of an a priori un-
known position which needs to be identified. In order to
compute such moving boundary problems, phase-field ap-
proaches have recently gained attention , see, e.g.,[17,21,24,
36,6,10]. The main idea behind this approach is to mark the
material’s state by an order parameter field z(x, t), and to let
it evolve in space and time. The order parameter -or phase-
field is by definition a continuous field and thus, the moving
crack boundaries are ’smeared’ over a small but finite length.
Therefore, phase field models constitute so-called diffuse-
interface formulations. This raises the question of how de-
tailed the method can capture the specific details of cracked
surfaces, like, e.g., the bend and rippled breakages of con-
choidal fracture.

Conchoidal fracture is a specific type of brittle fracture
which is observed in fine-grained or amorphous materials
such as rocks, minerals and glasses. The solid material breaks
by cleavage but does not follow any natural planes of sep-
aration. In contrast to the faceted fractures often seen in
crystalline materials, conchoidal fracture typically results in
a curved breakage, see Fig. 1, that resembles the rippling,
gradual curves of a sea shell, so called Wallner lines [37]
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Fig. 1 The typical curved breakages and conch-like surfaces of con-
choidal fracture can nicely be observed in fragments of volcanic glass.
Source of the original photo is [1].

- which gives the name “conchoid” (like a conch or shell).
Since in conchoidal fracture the shape of the broken surface
is controlled only by the stresses state, and not by some pre-
ferred orientation of the material, it provides a record of the
stress state at the time of failure. The point of crack initia-
tion is typically located inside the body and not on the struc-
ture’s surface. Therefore, it will serve us here as a bench-
mark to test the ability of the phase-field approach to predict
crack nucleation and fracture in a brittle material, without
any notch, kerf, flaw or initial crack.

In the remaining paper we will proceed as follows: In
the next section we present the basic equations of the phase-
field approach to fracture for both, linear-elastic fracture and
finite deformations. In sect. 3 the temporal and spatial dis-
cretization is provided. A particular solution technique based
on a multigrid method is formulated in sect. 4. In sect. 5 we
present a two-dimensional numerical example for the sim-
ple but typical problem of an elastic bloc pulled on a part of
its boundary. This problem is related to the Hertzian contact
of a rigid punch on a half-space and therefore, an analyti-
cal solution of the stress-state at crack initiation is known.
We will use this as a reference to evaluate the numerical so-
lution for varying model parameters. Finally, in sect. 6 we
analyze the three-dimensional problem of conchoidal frac-
ture below the surface of a pulled stone block and in sect. 7
we add a study on the performance of our multigrid solver in
this benchmark problem. Our results show, that a phase-field
approach to fracture is able to capture the essential features
of conchoidal fracture in both, the linearized and the finite
deformation regime.

2 Phase-field approach

Let us consider a solid with domain Ω ⊂ R3 and boundary
∂Ω ≡Γ ⊂ R2 deforming within a time interval t ∈ [0, ttot]⊂
R+. Crack growth corresponds to the creation of new bound-
ary surfaces Γ (t). Hence the total potential energy of a ho-
mogenous but cracking solid is composed of its material’s
energy with free Helmholtz energy density Ψ mat and of sur-
face energy contributions from growing crack boundaries.

E =
∫

Ω

Ψ
mat dΩ +

∫
Γ (t)

Gc dΓ (1)

The fracture-energy density Gc quantifies the material’s re-
sistance to cracking, for brittle fracture it corresponds to
Griffith’s critical energy release rate. However, the energy
functional (1) cannot be optimized in general and even an
incremental approach is challenging because of the mov-
ing boundaries Γ (t). Sophisticated discretization techniques
have been developed to solve such problems, e.g. cohesive
zone models [40,28,30], the extended finite element method
[23,35], eroded finite elements or recently developed eigen-
fracture strategies [33,29].

In a phase-field approach to fracture, the additional field
z(x, t) with z ∈ [0,1] characterizes the state of the material,
whereby z = 0 indicates the solid and z = 1 the broken state.
The set of evolving crack boundaries is now replaced by a
surface-density function γ = γ(z(x, t)) and an approximation
of the form∫

Γ (t)
dΓ ≈

∫
Ω

γ(z(x, t)) dΩ (2)

which allows to re-write the total potential energy of a crack-
ing solid and to formulate the optimization problem locally.

E =
∫

Ω

(
Ψ

mat +Gcγ
)

dΩ → optimum (3)

In potential (3) the material’s energy is composed of two
terms, a bulk energy density Ψ mat and a surface energy con-
tribution Gcγ . By definition γ is only different from zero
along cracks.

Fig. 2 Uniaxial model with a crack at x = 0 and with a continuous
phase field z ∈ [0,1]; phase field approximation for a second order and
a fourth order approximation of crack density function γ .

There is no unique way to choose the crack density func-
tion; a typical form is the the second-order phase-field ap-
proach:

γ(z,∇z) =
1

2lc
z2 +

lc
2
|∇z|2 (4)

At a crack, the first term in equation (4) describes a jump
and the gradient regularizes the discontinuity; the length-
scale parameter lc weights the influence of the gradient term.
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Inserted into functional (3) it forms a potential which cor-
responds to the well known Ambrosio-Tortorelli functional
of continuum damage mechanics [3]. Thus, the phase-field
fracture approach can be seen as a gradient damage model
with the major difference, that the order parameter z indi-
cates the material to be either intakt (z = 0) or broken (z =
1), intermediated states are not physically meaningful. The
length lc in (4) is a measure for the width of the diffuse tran-
sition zone, see Fig. 2, and additional high order terms may
improve the crack approximation properties of function (4),
cf. [7,39].

The evolution of the phase-field is stated here in a gen-
eral form

ż = MY, (5)

where parameter M describes a kinematic mobility and Y =

Y (z, . . .) summarizes all driving forces which typically rep-
resent a competition of bulk material and surface forces.

In consequence, the specific phase-field model is char-
acterized by the crack-density function (4) and, furthermore,
by the components of the free energy which form the driving
force for crack growth. Specifically, we consider brittle frac-
ture here and so the material’s strain Helmholtz free energy
density is purely elastic, Ψ mat =Ψ e . In the following a lin-
ear and a nonlinear material model are proposed und their
split into compressive and tensile components –which are
responsible for crack growth– is described. The governing
balance equations for the phase-field fracture are summa-
rized in Table 1.

2.1 Linear-elastic fracture mechanics

In classical linear elasticity with displacement field u(x, t) :
Ω × [0, ttot]→ R3, the strain energy function is defined as

Ψ
e(ε) =

1
2

ε(u) : C?(z) : ε(u), (6)

where ε(u)= sym(∇u) is the strain tensor; C is the Hookean
material tensor, and C?(z) denotes an adapted or degraded
material tensor of the form

C?(z) = g(z)C with g(z) = (1− z)2 + zε . (7)

Function g(z) is a degradation function; it accounts for the
loss of stiffness in the crack. The specific form of g(z) is
open to modeling, as long as the conditions

g(0) = 1, g(1) = 0, g′(1) = 0 (8)

are fulfilled. We choose here the simplest degradation func-
tion g(z) = (1− z)2, and refer to [38] for further discussion.
However, for the use in material model (7) it is common to
add a small parameter zε for numerical reasons.

The compression-tension anisotropy of fracture, i.e., the
fact, that only tensile stress states contribute to the crack
propagation, makes an appropriate decomposition of the elas-
tic strain-energy necessary. The energy (6) needs to be split
into a tensile and a compressive part whereby only the first
is influenced by the phase-field parameter:

Ψ
e(ε,z) = g(z)Ψ e++Ψ

e− (9)

with Ψ e±= 1
2 ε±(u) : C : ε±(u) and ε±(u) being the positive

and the negative part strain tensor. We base this split on the
spectral decomposition of the strain tensor

ε =
3

∑
a=1

εana⊗na ,

where εa denote the principal strains and na the correspond-
ing principal directions, a= 1,2,3. Based on this representa-
tions and using the Macaulay brackets to describe the ramp
functions of the positive/negative part,

〈x〉+ =
1
2
(x+ |x|) 〈x〉− =

1
2
(x−|x|) (10)

we define the positive and the negative parts of the strain
tensor as

ε
± =

3

∑
a=1
〈εa〉±na⊗na .

The positive parts contain contributions due to positive di-
latation and contributions due to positive principal strains,
and only this part of the strain energy is responsible for
crack growth. A similar decomposition can be deduced for
the stress tensor σ . This decomposition guarantees not only
that tension within a crack cannot contribute to the energy
of the body but gives also a physically meaningful positive
crack driving force.

2.2 Fracture in finite elasticity

The general concept of Griffith’s critical energy release rate
and the corresponding potential energy (3) is limited to brit-
tle fracture but does not presume small deformations. The
approach is also valid in the finite deformation regime with
deformation mapping χ(X, t) : Ω × [0, ttot]→ R3. We define
the deformation gradient

F = ∇Xχ =
∂ χ

∂X
(11)

where the fields in capitals refer to the initial configuration;
work conjugate is the first Piola-Kirchhoff stress tensor.

P =
∂Ψ e

∂F
(12)
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Fig. 3 Illustration of the anisotropic split of the first invariant into ten-
sile and compressive parts with dimension d ∈ {2,3}.

The second Piola-Kirchhoff stress tensor S = F−1P and the
Cauchy stresses are calculated via the usual relations, σ =

J−1FSFT and analogously to (7) they depend on phase-field
z. Here and in the following we write J = detF .

For the application we have in mind we expect non-
linear behavior but not ‘rubbery’ deformations and, there-
fore, we restrict ourselves to Neo-Hookean type of materi-
als extended to the volumetric range, cf. [8,38]. With the
incompressible first invariant of the right and left Cauchy-
Green deformation tensor IC = J−1/3F : F and Lamè con-
stants µ and λ the corresponding strain energy density reads

Ψ
e =

κ

2
(J−1)2 +

µ

2
(IC−3) . (13)

The elastic strain energy density (13) has to account for
the compression-tension anisotropy of fracture, i.e., it needs
to be reduced to a tensile component Ψ e+ which drives a
crack to grow. Moreover, for the existence of a minimum
and stable numerical approximation Ψ e needs to be poly-
convex, a requirement which can be fulfilled by a decom-
position of the invariants in tensile and compressive parts as
follows [18],

I±C = 3+ J−2/3〈F : F−3〉± , (14)

J± = 1+ 〈detF−1〉± . (15)

Exemplarily, the split of the first invariant is shown in Fig.
3. Then the positive and negative parts of the strain energy
function follow as

Ψ
e±(F,z) =

κ

2
(
J±−1

)2
+

µ

2
(
I±C −3

)
. (16)

In consequence, the energy (13) also decomposes into ten-
sion induced and compression induced components.

Ψ
e(F,z) = g(z)Ψ e++Ψ

e− (17)

Table 1 Balance equations for a cracking solid subjected to body
forces b̄ in Ω , prescribed displacements ū on ∂Ω1 and tractions t̄ on
∂Ω2 with ∂Ω1∪∂Ω2 = ∂Ω .

Balance of linear momentum: div(σ)+ b̄ = ρ0ü on Ω

Boundary conditions: u = ū on ∂Ω1
σ ·n = t̄ on ∂Ω2

Phase-field equation: z−4l2
c4z = 1 on Ω

Boundary conditions: z = 0 on ∂Ω1
∇z ·n = 0 on ∂Ω2

2.3 Crack driving force and irreversibility

Minimization of the total potential energy of a cracking solid
(1) or (3) requires the optimality condition Ė = 0. This gives
the local condition Ψ̇ e +Gcγ̇ = 0. Expressed with the total
or variational derivative

δz•=
∂•
∂ z
−∇X ·

(
∂•

∂∇z

)
(18)

we write equivalently δz (Ψ
e +Gcγ) ż = 0. We define the ex-

pression

Y = δz (Ψ
e +Gcγ) (19)

as the work conjugate driving force for the phase-field evo-
lution.

Moreover, irreversibility of crack growth requires with
representation (2)

d
dt

∫
Ω

Gcγ dΩ =
∫

Ω

δz (Gcγ) żdΩ ≥ 0 , (20)

which gives irreversibility conditions for the phase-field evo-
lution. Specifically, global irreversibility of crack growth leads
to the conditions of a locally positive functional derivative
of the crack density δγ ≥ 0 and a positive evolution of the
crack phase-field ż≥ 0. The first constraint follows naturally
when the crack driving force accounts for the anisotropy of
tension and compression, i.e. by a constitutive assumption
that relates the functional derivative to a positive energetic
driving force. The second constraint is a natural assumption
for the non-reversible evolution of cracks.

In consequence, we obtain the evolution of the phase-
field by a restriction of eq. (5) to

ż = M〈Y 〉+ in Ω0× [0, ttot] (21)

which evolves for the second order approach (4) with lcδzγ =

z− l2
c4z to

ż = M
〈
δzΨ

e +Gc
(
z− l2

c4z
)〉+

(22)

with boundary conditions

∇z ·n = 0 on ∂Ω0 . (23)
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The initial conditions are given with z(X,0) = 0 on Ω0, de-
scribing an unbroken state.

A similar variational functional of brittle fracture was
first introduced by Francfort, Marigo [12] and Bourdin [9]
and with some modifications this ansatz has become very
popular since, see, e.g., Kuhn & Müller [22], Miehe et al.
[25] and Abdollahi & Arias [2], Borden et al. [6], Hesch et
al. [19].

3 Discretisation

3.1 Weak forms and discretization

The elastic boundary value problem follows from the bal-
ance of linear momentum and the crack phase-field evolu-
tion which is controlled by the corresponding elastic energy,
cf. Table 1. Restated in the weak form, the coupled problem
reads: Find u ∈ V u and z ∈ V z such that∫
Ω

ρ0ü ·δu dΩ +
∫
Ω

P : ∇(δu) dΩ

=
∫
Ω

b̄ ·δu dΩ +
∫
Γ2

t̄ ·δudΓ ∀δu ∈ V u
0 , (24)

and∫
Ω

ż ·δ z dΩ +
∫

Ω

∂Ψ e

∂ z
·δ z dΩ +2Gclc

∫
Ω

∇z∇(δ z)dΩ

− Gc

2lc

∫
Ω

(1− z) ·δ z dΩ = 0 ∀δ z ∈ V z
0 . (25)

The functional space of admissible mechanical fields is V u =

{u ∈H 1(Ω) ∀t ∈ [0, ttot]}, where H 1 denotes the Sobolev
functional space of square integrable functions with square
integrable weak first derivatives. Index 0 denotes the addi-
tional constraint δu = 0 on Γ1. Correspondingly the space
of admissible phase-fields is V z = {z ∈H 1(Ω)∀t ∈ [0, ttot]

|z ∈ [0,1]} and V z
0 = {δ z ∈ V z|δ z = 0 on ∂Ω(t)}. In the

linear material model the stresses σ coincide with P in (24),
we do not repeat the corresponding weak formulation here.

For finite element implementation the domain Ω is sub-
divided into a set of non-overlapping elements such that

Ω ≈Ω
h =

ne⋃
e=1

Ωe . (26)

We make use of a classical ansatz and approximate the dis-
placement field and its variation with

u≈ uh =
nk

∑
i=1

Niû(i), δuh ≈
nk

∑
i=1

Niδ û(i) , (27)

where the shape function Ni are piecewise Lagrangian poly-
nomials and û(i) contains all unknown nodal displacements
ûi of the nk nodes. For the phase-field we approximate

z≈ zh =
nk

∑
i=1

Ñiẑ(i), δ zh =
nk

∑
i=1

Ñiδ ẑ(i) (28)

with ansatz functions Ñ1, . . . , Ñnk and nodal values ẑ(i). In
the following sections 5 and 6 we apply the same ansatz-
functions for the displacement field and the phase-field.

For the time integration we divide the considered time
interval [0, ttot] into nt pairwise disjoint equidistant subinter-
vals In = [tn, tn+1] with time step ∆ t := tn+1− tn and employ
an implicit Crank-Nicolson scheme, known to be second-
order accurate. Plugging (27) and (28) into (24-25) gives
after a straightforward calculation the finite element system
of equations.

3.2 Solution strategies

Two popular solution strategies for solving the non-linear
discrete systems arising from (24)–(25) in each time-step are
monolithic [25] and staggered [24] schemes. Whereas the
monolithic approach the fully-coupled non-linear system is
solved in each loading step/ time-step and works only apply-
ing a viscous term or a modification to the stiffness matrix,
see [15], in the staggered approach the evolution operator is
split algorithmically into the phase field z and the displace-
ment field u. Then, in each time step we successively solve
for both quantities. Numerical evidence shows that in gen-
eral the staggered approach is more robust than the mono-
lithic one, but that it tends to underestimate the speed of the
crack evolution, as the spatial systems are solved only ap-
proximately. We note that therefore, only small loading steps
can be applied. Due to this reason, we combine the stag-
gered scheme with an adaptive time-stepping strategy, as
proposed in [24]. Furthermore, within the staggered scheme
sub-iterations can be applied to approximate the final equi-
librium solution more precisely, as can be seen from Algo-
rithm 1.

Algorithm 1 Staggered solution scheme
1: for t = 0, · · · , ttot do
2: while ||ut+1−ut ||> ε && ||zt+1− zt ||> ε do
3: Compute fracture phase field:
4: zt+1 = arg infzt

{
∫

Ω
Gc[γ(zt ,∇zt)− ((1− zt)

2 + zε )ψ
e+
t ]dΩ}

5: Compute displacement field:
6: ut+1 = arg infut

{
∫

Ω
ψe(Pt ,zt+1)ut − but dΩ −∫

∂Ω σ t̄ut d∂Ω σ}
7: end while
8: end for
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3.2.1 Subproblems

By design, the staggered scheme gives rise to two separate
minimization problems, see Algorithm 1. In the phase field
subproblem, we look for phase field z, by minimizing the
quadratic function which is resulting from fixing the dis-
placement u. In the second step we solve for the displace-
ment field u by minimizing the elastic energy for the fixed
phase field z obtained in the first sub-step. We note that the
latter does not necessarily give rise to a convex quadratic
minimization problem. For example, in case of a linear elas-
tic material with infinitesimal strain we will be lead to a
convex quadratic functional, whereas in the more general
case case of a non-linear material with finite strain theory
we have to deal with a nonlinear and poly-convex elastic en-
ergy.

A standard approach for dealing with the resulting non-
linearity in the necessary first-order conditions for a mini-
mizer is Newton’s method, as it is simple and locally quadrat-
ical convergent. A single Newton iteration is defined by

δuk+1 = δuk−αJ−1 R. (29)

Here, the iteration number is denoted by subscript k, α ∈R+

is a damping or step-size parameter and the matrix J ∈ Rn×n

represents the Jacobian, i.e the tangent stiffness matrix.

3.2.2 Linear solvers

The first order necessary conditions for solving the uncon-
strained quadratic minimization problem gives directly rise
to a linear system of equations. For the solution of the non-
linear mechanical subproblem, we employ Newton’s method
as stated earlier above, which leads to a linear system to be
solved in each of the Newton steps.

Solving these systems can become computationally highly
demanding due to the fact that in order to resolve the regu-
larized crack surface Γl , a fine mesh with a high spatial res-
olution is required.

In fact, for resolving the smoothed crack sufficiently ac-
curate, the mesh size h has to fulfill

h <
lc
2
, (30)

see [25]. Here, lc is the length-scale parameter from (4) for
the width of the diffusive crack zone. We note that in general
adaptive refinement strategies are not guaranteed to signifi-
cantly reduce the computational burden, as the crack path is
hard to predict and correspondingly the mesh for the dam-
age parameter has to be chosen sufficiently fine on the whole
computational domain. As a consequence, we end up with
large-scale non-linear systems. These systems might also be
ill-conditioned, since the growing crack will lead to strongly
spatially varying stiffness parameters.

Here, we employ multigrid methods in combination with
Krylov-space methods for the solution of the linear systems
for the phase field z and for the displacements u. In contrast
to direct methods such as LU or Cholesky factorization [14],
multigrid is of optimal complexity and thus more efficient
for large scale systems, in terms of floating point operations
as well as in terms of memory requirements. A comparison
of time complexity for different linear solvers is depicted in
Fig. 4. We note, however, that for smaller linear systems di-
rect solvers can be extremely efficient. For example, modern
sparse direct solvers, e. g. MUMPS [4], PARDISO [32] min-
imize both storage and amount of required floating points by
exploiting the structure of the matrices. These solvers ex-
ploit the good sparsity pattern very well and determine a
pivot sequence, which leads to efficient factorization of the
arising sparse systems. The factorization of systems with n
unknowns as arising from Algorithm 1 requires O(n2) flops
in 3 spatial dimensions and O(n3/2) flops in 2 spatial dimen-
sions. Nonetheless, when n becomes too large, direct solvers
suffer from the quadratic growth of computational cost and
memory. In contrast, multigrid requires O(n) flops in both
cases and is also optimal in terms of memory usage. More-
over, multigrid can be parallelized easier and shows signifi-
cantly better parallel scalability.
We use the multigrid method as a preconditioner within a
Krylov-space method [31], such as GMRES or cg, in or-
der to speed up the convergence. These methods require low
computational cost and are well suited massively parallel en-
vironments, as their building blocks e.g. matrix-vector mul-
tiplication, dot product allow for hybrid parallelization.

Fig. 4 Comparison of time complexity for different linear solvers.
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4 Multigrid Methods for Phase Field and Fracture

Multigrid methods, see, e.g. [11], rely on a hierarchy Vl ,
l = 1, . . . ,L of usually nested finite element spaces. Here,
we use subscript l = 0, ...,L−1 in order to denote level and
assume L ≥ 1 to be the finest level. This hierarchy is con-
structed in the case of geometric multigrid methods based on
a given (geometric) hierarchy of nested meshes (Tl)0≤l≤L
with mesh-size hl and a shape regular finite element trian-
gulation T of the domain Ω . We note that if no such mesh-
hierarchy is given, the construction of the spaces Vl , l =
1, . . . ,L− 1 turns out to be a non-trivial task. Different ap-
proaches exist, including mesh-based coarsening strategies,
auxiliary space methods, and Algebraic Multigrid Methods.
In terms of memory usage and convergence speed, often ge-
ometric multigrid methods turn out to be the best choice.

In the context of the phase-field fracture models con-
sidered here, we are employing geometric multigrid meth-
ods. The mesh hierarchy is created by successively refining
a given coarse mesh.

The eventual solution process combines two components:
so called smoothing and coarse grid correction. The smoother,
for example a simple iterative solver such as Gauss-Seidel
[31] or Jacobi method, reduces the respective high frequency
errors on each of the level. This corresponds to a multilevel
decomposition of the error into different frequency ranges,
each of which is dealt with on a different mesh by the smoother.
The remaining low frequency error is removed by a direct
solver on the coarsest level. This is traditionally done by
means of a direct solver, e.g. LU factorization [14]. Since the
size of the linear systems decreases by a factor of 8 in three
spatial dimensions in the case of uniformly refined meshes
(Tl)0≤l≤L, the coarse level stiffness matrix can be assumed
to be sufficiently small in size.

The transfer between subsequent spaces is done by means
of prolongation/restriction operators. Whereas the prolonga-
tion operator Pl

l−1 maps coarse-grid correction to the next
finer level, the restriction operator, often chosen as (Pl

l−1)
T ,

transfers the fine level residual to the coarse level, see Fig. 5.
Algorithm 2 depicts the recursive structure of a multigrid

solver. The parameters ν1,ν2 ≥ 0 denote the number of pre-
smoothing and post-smoothing steps. The parameter γ ≥ 1
indicates the amount of recursive calls of the coarse level
correction routine.

The coarse level operators (Al)l=0,...,L−1 used on the coarse
levels Vl are obtained recursively via Galerkin-assembly, i.e.

Al−1 = (Pl
l−1)

T Al(Pl
l−1) l = L−1, . . . ,1 . (31)

As a consequence, the coarse level operators are assembled
using information steming from quadrature on the finest level
L. This is of major importance, because the phase-field mod-
els employ the length-scape parameter lc, which is tightly
coupled to the mesh size h by means of relation (30).

Fig. 5 Multigrid V-cycle.

Algorithm 2 xL = MG (AL,xL, fL,ν1,ν2,γ)

1: xL := smoothν1 (AL,xL, fL)
2: rL = fL−ALuL
3: rl = Pl

LrL
4: if l == 0 then
5: c = A−1

l rl
6: else
7: c = MG(Al ,0,rl ,ν1,ν2,γ)
8: end if
9: xL := xL +PL

l c
10: xL := smoothν2 (AL,xL, fL)
11: return xL

5 Fracture in an elastic half-space

As a first numerical example we chose a two-dimensional
approximation of an infinite elastic half-space pulled at a
part of its boundary with a prescribed vertical displacement
uz(x,0) = ū for −a ≤ x ≤ a with a ∈ [0, lx] ⊂ R+. The re-
maining boundary of the half space is free. The problem is
depicted in Fig. 6 and states basically a rigid punch problem.
The nominal stress has singularities at the corners, σy(±a,0) →
∞.

In particular we know, that a pulled plate with width 2a
induces a shear stress distribution which has its maximum in
the symmetry axis of the problem at y ≈ −0.5a, see Fig. 7.
The exact position depends on the poisson ration ν and on
the size of the domain which is assumed to be infinite in
the analytical solution. The other stress components decay
monotonously. This suggests, that after pulling a rigid plate
from the half space the maximum elastic strain energy den-
sity and thus a crack will appear at about y = 1

2 a.
For our phase-field fracture simulation a half space of

2× 1 m is considered. The material data for the model are
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T

a

y

xc

Fig. 6 Elastic half space pulled at part of its boundary−a≤ x≤ a with
a given displacement ū of a fixed rigid plate. The expected position of
crack initiation is deduced from the analytical solution of as about 0.5a.

Fig. 7 Maximal shear stress distribution (left) and stress components
along the symmetry axis in a half space punched by a rigid indenter.

λ = µ = 20000 N/mm2 which corresponds to E = 50GPa
and to a poisson number of 0.25. The critical energy release
rate is Gc = 1 N/mm. At the lower side the displacements
are constrained in horizontal and vertical direction, respec-
tively. The loaded upper boundary has the length 2a = 1m.
At first we use a finite element mesh of 256× 256 isopara-
metric eight-node elements which results in an element size
of h = 8 mm. Geometry and deformation in z-direction are
constant and so we assume a plane strain state. The com-
putation is performed in a monotonic displacement-driven
setup, i.e. pulled at the upper boundary with −a ≤ x ≤ a.
The prescribed displacement is applied incrementally until
the half-space is fully cracked.

Fig. 8 Position of the crack in the two-dimensional model of the pulled
half-space.

Fig. 9 Crack surface in the two-dimensional model of the pulled half-
space, computed with Gc = 1 N/mm and lc = 0.1m and a mesh of
512×512 elements, h = 3.9mm.

This example remains in a small strain state in all load-
ings. Fig. 9 shows the cracked surface in the half-space at
the final state. The crack initiation starts at a position of
y= 0.7383 m below the loaded boundary which corresponds
to the expected location, see Fig. 8.

Fig. 10 Loaddeflection curves for different length scale parameter lc
referred to the overall mesh size of h= 0.0078 m with the characteristic
stress σc =

√
GcE/lc.

At next we vary the critical length parameter lc of the
phase field by lc ∈ {0.02, 0.05, 0.1, 0.2}m. Load-deflection
curves in Fig. 10 show the typical interdependence between
mesh size, the chosen length scale and the obtained results.
Please note, that the effect of the length-scale parameter lc
is two-fold. On one hand, lc is determined by the mesh size
h because it has to be large enough to enable the approxima-
tion of a diffuse interface. This clearly shows a mesh depen-
dence of the form lc > 2 . . .3h. On the other hand, lc enters
the material. In the sense of the Griffith criterium for crack
growth the fracture energy, which is proportional to Gc/lc,
competes with the elastic energy density Ψ e+. Here lc has
the effect of a material parameter. This can be seen nicely
in the load deflection curves of Fig. 10. All curves grow
monotonously up to a maximum load at about ū = 7.5mm
prescribed displacement. However, the maximum load value
rises with decaying length lc. Only a constant ratio Gc/lc to-
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gether the same width of the diffuse crack zone, which is
also responsible for energy dissipation, cf. Fig 2, give the
absolute same maximum load.

Additionally we need to remark, that for small values
of lc ¡ 0.05m the way of fracture changes. This effect is
induced by the stress singularity at the corner which fol-
lows from the linear elastic solution and is captured by a
fine discretization. In a fine mesh, with a small diffuse zone
lc, the stress singularities at the corners y = ±a dominate
the overall stress distribution and induce fracture, see Fig.
11. A coarser mesh levels out the (artificial) stress peak and
so does a wider diffuse width lc. In Figure 12 the load-
displacement curves of the two different crack modes can be
seen and it also becomes clear the solution is otherwise mesh
independent. For the same values of Gc and lc the curves lay
on top of each other.

Fig. 11 Crack surface in the two-dimensional model of the pulled half-
space, computed with lc < 0.05 m and a mesh of 512×512 elements,
h = 3.9mm.

Fig. 12 Load-deflection curves for lc = 0.1 m and lc = 0.05 m, each
computed with a mesh of 256×256 elements (dashed lines) and a mesh
of 512×512 elements( solid lines).

6 A conchoidal fracture example

In this section we simulate a three-dimensional bloc of brit-
tle rock material which is loaded in such a way, that it will
crack by conchoidal fracture. The model has been suggested
to work as a benchmark problem [27] in the framework of
our DFG Priority Programm 1748.

The main challenge of conchoidal fracture is that it re-
quires the ability of a numerical method to predict crack nu-
cleation and fracture in a brittle material without stress con-
centration at a notch or at an initial crack.

Often it is induced by an impact, and sometimes one can
see the effect of shock waves emanating outwards from the
impacted point leaving their mark on the stone as ripples.
However, also static loading can induce the typical mus-
sel shell like shape and the faceted surfaces of conchoidal
fracture. Thus we employ here a quasistatic, displacement
driven loading regime.

2a

4a
4a

2a 2a

Fig. 13 Geometry and loading of a bloc of brittle rock-like material
subjected to tension on the upper exterior surface.

We investigate a 4a× 4a× 2a bloc of stone material
subjected to a prescribed displacement on part of its up-
per boundary, 2a = 1m. The geometrical setup of the prob-
lem and the boundary conditions are displayed in Fig. 13.
On the lower boundary we prescribe Dirichlet conditions
u = 0 and z = 0 for the displacements and the crack phase
field. The material parameters are chosen as Lamè constant
λ = 100000 N/mm2, shear modulus µ = 100000 N/mm2,
and a critical energy release rate of Gc = 1 N/mm.

The finite element mesh requires a certain minimum el-
ement size h in order to resolve the geometry with a length
scale parameter of lc = 0.2 m. Thus, we discretize the bloc
with a structured mesh consisting of 27000 8-node brick ele-
ments. The mesh is not refined in the area where the crack is
expected to propagate — because we do not want to nudge
the simulation in any direction.

The specimen is subject to a displacement-driven defor-
mation by prescribed incremental displacements of 0.001 mm
until crack initiation. The subsequent deformation demands
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Fig. 14 Force-displacement curve obtained for the linear and non-
linear elasticity model with the characteristic stress σc =

√
GcE/lc.

an adjustment of the displacement increments to 0.0001 mm
up to the final deformation. The block cracks at a prescribed
displacement of about 3mm, see Fig. 14. The behavior is
characterized by a brutal and complete crack growth. In fig-
ures 15 and 16 the crack evolution at different stages of the
deformation is displayed for the linear-elastic model (1) and
the non-linear model (16), respectively.

In the linear-elastic as well as in the non-linear elastic
model we find crack initiation inside the bloc below the
pulled surface. Moreover, both materials show a very sim-
ilar shape of fracture with the linearized kinematics model
being more round. Please note that the characteristic rippled
surface of conchoidal fracture can perfectly be observed.

In total the deformation of the bloc is small to moderate.
Consequently, the nonlinear Neo-Hookean material model
gives results which are very similar to the linear theory. The
corresponding load-displacement curves are identical at the
beginning but differ in the maximum load of crack initial-
ization, see Fig. 14. Moreover, this example is investigated
for different refinement levels for the linear-elastic model. In
Fig. 17 the force-displacement curves are presented which
differ also in the maximum load of crack initialization. Fur-
ther studies solver performance are conducted for the linear-
elastic model and follow in the next section.

7 Solver benchmark

7.1 Technical specification

We have implemented the multigrid solver used for this sim-
ulations in the C++ language as part of our newly developed
library UTOPIA, [41]. UTOPIA is an embedded domain spe-
cific language (EDSL), designed to make implementations
for parallel computing as transparent as possible. UTOPIA

enables us to write complex scientific code by using expres-
sions similar to the language used in Matlab [16], whereas it

Fig. 15 Region of crack initiation, final state and crack surface in the
linear-elastic model computed with a mesh of 30×30×30 elements.

hides the complexity of parallelization and machine-specific
optimizations in different back-ends. The presented numer-
ical results where obtained by using our back-end for the
PETSc library [5].

Our implementation of the multigrid solver employs an
LU factorization provided by package MUMPS [4] for the
direct solution on level l = 0. We used the Gauß-Seidel method
for smoothing and performed 3 pre-smoothing and 3 post-
smoothing steps on each level l > 0. We set L = 2 and ob-
tained the nested mesh-hierarchy (T )l=0,1,2 by means of
uniform refinement. Arising nonlinearities are tacked by New-
ton line-search method with cubic interpolation [26]. For the
finite element discretization and assembling we used the
MOOSE library [13] together with our extensions.

All tests were performed using the local cluster at the
Institute of Computational Science (ICS), Università della
Svizzera Italiana, consisting of 24 compute nodes, each equipped
with 2 Intel R E5-2650 v3 processor with a clock-frequency
of 2.60GHz. With 10 cores per processors this leads to 20
cores per node. Main memory per node is 64 GB;
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Fig. 16 Region of crack initiation, final state and crack surface in the
Neo-Hookean model computed with a mesh of 30×30×30 elements.

Fig. 17 Force-displacement curve obtained for different refinement
levels for the linear-elastic model. Parameter h representing the mesh
size was used to discretized the domain with 1/h×2/h×1/h elements.
Length scale parameter lc was chosen as lc = 2h.

Fig. 18 Average convergence rates for the linear mechanical subprob-
lem.

7.2 Performance

In this section, we investigate the performance of the multi-
grid method as a solution method and as a preconditioner
inside a preconditioned conjugate gradient method (PCG).
Additionally, we perform a comparison with a conjugate
gradient method preconditioned by a simple Jacobi step. Dur-
ing all simulations we used as a stopping criterion ‖r‖ ≤
10−12, where ‖r‖ is the Euclidian norm of the respective
linear residual.

As a first metric, we investigate the estimates

ρ =
‖xk+1− xk‖
‖xk− xk−1‖

, (32)

for the convergence rates of the iterative solvers. Here, xk

represents the k-th iterate. Figures 18 and 19 depict the av-
erage values of ρ , obtained for the mechanical and the phase
field subproblems, respectively. We refer to an average con-
vergence rates as to the average over all linear solves over
all time-steps.

As expected, the multigrid method shows h-independence
property convergence and the number of iterations does not
change with an increasing number of degrees of freedom.

Moreover, we investigate how the different solution meth-
ods perform during the whole simulation, i.e. their robust-
ness with respect to an enlarged crack area. As we can see
from Figure 20, the number of iterations for the displace-
ment field stays more or less constant during the whole sim-
ulation. The number of iterations for the phase field variable
increases slightly with growing crack. However, the conver-
gence rate stays even in then most demanding scenario quite
low.

We also investigate the efficiency of our solution meth-
ods and of their implementation by means of the overall sim-
ulation time. For this reason, we monitor the average time in
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Fig. 19 Average convergence rates for phase field subproblem.

Fig. 20 Average number of CG-MG iterations per time-step over all
time-steps. Simulation performed on cube 50×50×25.

seconds for all linear solves during the whole simulation.
Figures 21 and 22 show a comparison of the average time
obtained from different linear solvers for different sizes of
the linear systems. Please note, that reported times are based
on results obtained on serial machine and do not include any
parallelization.

As pointed out above, one of the major advantages of
multigrid methods -beyond their optimal complexity- is the
fact that they parallelize well. We therefore additionally in-
vestigate the strong scalability properties of our UTOPIA im-
plementation of the multigrid method. More precisely, we
investigate the behavior of the method with respect to com-
putational time in order to increase the number of processes
but fixed problem size. Figure 23 shows that our implemen-
tation gives rise to almost ideally scaling.

Fig. 21 Average time complexity solution time for one linear solve for
the mechanical subproblem. Results obtained without parallelization.

Fig. 22 Average time complexity of one linear solve for phase-field
subproblem. Results obtained without parallelization.

8 Conclusions

In this paper the focus is set on conchoidal fracture and the
numerical applicability of a phase-field model to identify
the location of crack initiation without a pre-crack, a notch
or a kerf. Therefore, a suitable benchmark problem in two
and three dimensions with regard to the curved breakage, is
specified and presented within a series of numerical investi-
gations. The simulations are based on anisotropic splits for
both linear and non-linear material models. The main result
is that the location of crack initiation heavily depends on the
geometry and the length-scale parameter. Thus, the model
is very sensitive concerning the choice of length-scale pa-
rameter. Furthermore, the multigrid method is demonstrated
as solution technique and is combined with the proposed
phase-field ansatz. One of the main advantages of this so-
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Fig. 23 Strong scaling results for one V-cycle of mechanical subprob-
lem with 1,142,778 dofs.

lution technique is the parallelization which leads to a quite
low overall simulation time compared with other standard
solvers. This paper demonstrates that the phase-field model
can properly predict the crack initiation and propagation with
an appropriate choice of parameters. Moreover, it is a useful
approach to combine the multigrid method with the phase-
field ansatz to improve the computational effort concerning
the simulation time. In future work this combination will be
extended to be applicable with NURBS and with coupling
additional fields.
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32. O. Schenk and K. Gärtner. Solving unsymmetric sparse systems

of linear equations with pardiso. Future Generation Computer
Systems, vol. 20, no. 3, pp. 475–487, 2004.

33. B. Schmidt and S. Leyendecker. Γ -convergence of Variational
Integrators for Constraint Systems. Journal of Nonlinear Science,
19:153–177, 2009.

34. Ian N. Sneddon. The relation between load and penetration in the
axisymmetric boussinesq problem for a punch of arbitrary profile.
Int. J. Eng. Sci., 3:4757, 1965.

35. N. Sukumar, D.J. Srolovitz, T.J. Baker and J.-H. Prevost. Brittle
fracture in polycrystalline microstructures with the extended finite
element method. Int. J. Numer. Meth. Engng. 56,2015–2037, 2003.

36. C.V. Verhoosel and R. de Borst. A phase-field model for cohesive
fracture. Int. J. Numer. Methods Eng., page in press, 2013.

37. H. Wallner. Linienstrukturen an Bruchflchen. Zeitschrift fr Physik
114, 368–378, 1939.

38. K. Weinberg, T. Dally, S. Schuss, M. Werner and C. Bilgen. Mod-
eling and numerical simulation of crack growth and damage with
a phase field approach. GAMM-Mitt. 39:55–77, 2016.

39. K. Weinberg and C. Hesch. A high-order finite deformation phase-
field approach to fracture. Continuum Mech. Thermodyn. 29:935–
945, 2017.

40. X.-P. Xu and A. Needlemann. Numerical simulations of fast crack
growth in brittle solids. Journal of the Mechanics and Physics of
Solids, 42(9):1397–1434, 1994.

41. P. Zulian, A. Kopaničáková, and T. Schneider.


